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ABSTRACT
We show that, in any theory of gravity, the entropy of any nonextreme black
hole is given by 2πER where ER is the dimensionless Rindler energy. Separately,
we show that ER is exactly Wald’s Noether charge and therefore this entropy is
identical to Wald entropy. However, it is off–shell and derived solely from the time
evolution of the black hole. We examine Gauss–Bonnet black holes as an example
and speculate on the degrees of freedom that ER counts.
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1. Introduction
The correct quantum theory of gravity is expected to explain the origin of
the Bekenstein–Hawking entropy of black holes[1,2] in terms of the fundamental
gravitational degrees of freedom. For example, in string theory, the degrees of
freedom that give rise to black hole entropy for a large class of BPS and near–
BPS black holes[3] are well–known. However, the same cannot be said for black
objects far from extremality. The entropy of these black holes can be computed
only at the macroscopic level, i.e. in General Relativity, by a number of methods
such as those that use the Euclidean gravitational action[4], the conical deficit
angle[5,6] andWald’s Noether charge[7]. On the other hand, any quantum theory of
gravity, at energies much lower than the Planck scale, reduces to General Relativity
modified by additional effective terms which are inversely proportional powers of
the Planck mass. Thus, a method for computing black hole entropy, if it has
any chance of leading to a deeper understanding of the fundamental degrees of
freedom, should also apply to these generalized theories of gravity. The most
popular method, in this respect, is the one that uses Wald’s Noether charge (even
though other methods, such as the deficit angle method also work). Unfortunately,
since these methods only use the classical geometry or the metric the microscopic
degrees of freedom that they count are obscure. Therefore, it is important to find
new methods for computing black hole entropy in generalized theories of gravity
with the hope that they may shed light on the fundamental degrees of freedom of
quantum gravity.
There are two properties common to all conventional methods for computing
black hole entropy[4,5,6,7]. First, entropy is given by a surface integral over the
black hole horizon. Thus, even though entropy is not proportional to horizon area
in generalized theories of gravity, these are presumably still holographic since only
the horizon degrees of freedom seem to contribute to the entropy. Thus, it would be
interesting to see if there is a way to compute black hole entropy that is not related
to the horizon surface and therefore not manifestly holographic. Second, entropy is
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an on–shell quantity; it is obtained by assuming that field equations are satisfied. In
particular, one needs to know the Lagrangian of the gravitational theory in order
to compute the entropy. However, the other thermodynamic quantity, Hawking
temperature is off-shell, i.e. it is computed directly from the metric which may or
may not solve the field equations. Moreover, one does not even need to know the
gravitational Lagrangian. A method for computing entropy off–shell would allow
us to consider black hole thermodynamics off-shell.
A method for computing black hole entropy that differs from the others with
respect to the properties mentioned above uses the dimensionless Rindler energy,
ER, of a black object[5]. It is obtained by taking the near horizon limit of the
black hole metric which is Rindler space and then rescaling Rindler time to make
it dimensionless. ER is canonically conjugate to this dimensionless Rindler time.
It has been known for a while that, in General Relativity, black hole entropy is
given by S = 2πER.
1
This entropy has been explicitly computed, in any dimen-
sion, for Schwarzschild black holes[8,9], near–extreme charged black holes[10], black
branes[13], black holes in anti de Sitter space[11] and de Sitter space[12]. In this
paper, we show that ER, by construction, satisfies the First Law of Thermody-
namics in any theory of gravity. As a result, the entropy of any black hole in any
theory of gravity is given by S = 2πER. We also show that ER is identical to
Wald’s Noether charge which is to be expected since they are both charges (or
generators) of dimensionless time translations on the horizon. Therefore, 2πER is
exactly Wald entropy that is often computed in generalized theories of gravity.
Since ER is the energy in Rindler space, it is only related to time evolution
and not to the black hole horizon. Thus, its relation to holography is not clear.
In addition, ER is an off-shell quantity obtained directly from the metric without
any knowledge of the field equations or the underlying gravitational Lagrangian.
Clearly, when both entropy and Hawking temperature are computed off-shell and
obtained from the time evolution in the near horizon region of the black hole, we
1 It is easy to see this by using the dimensionless Rindler temperature TR = 1/2pi in the First
Law of Thermodynamics.
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get a more unified description of black hole thermodynamics which may lead to a
better understanding of these issues.
The fundamental degrees of freedom that ER counts are obscure since ER is
a classical quantity obtained solely from the metric. In the near horizon region
and in terms of dimensionless Euclidean Rindler time, the (t− r part of the) black
hole metric is simply the flat metric in polar coordinates. All the information
about the black hole is carried by ER. In the absence of any quantum theory that
describes the black hole, we can only speculate on what ER counts. Since ER is
conjugate to the dimensionless Euclidean Rindler time, i.e. an angle, it can be
seen as the dimensionless frequency of a simple one dimensional, periodic system.
Then, S = 2πER = 2πω, where ω is the dimensionless angular frequency,
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which is
an integer due to quantization along the periodic (dimensionless Euclidean) time
direction. Alternatively, one can consider the action variable of a one dimensional
periodic system, J =
∮
p dq which is quantized. Using the dimensionless Rindler
time and energy for the canonical variables p and q we find that J = 2πER gives
the black hole entropy. In either description, the quantum mechanics of a periodic
system with one degree of freedom seems to give the entropy of the black hole
which is a thermal ensemble. Unfortunately, we understand neither the degrees
of freedom ER counts nor the quantum theory of gravity that describes them.
It would be interesting to see if these ideas can be realized in a string theory
description of black holes
3
.
The paper is organized as follows. In the next section, we describe the di-
mensionless Rindler energy and show that S = 2πER for any black hole in any
theory of gravity. In section 3, we show that ER is exactly Wald’s Noether charge
and therefore 2πER is identical to Wald entropy. In section 4, we show that the
entropy of black holes in Gauss–Bonnet gravity obtained through ER agrees with
the Wald entropy and discuss a sufficient condition required to have corrections
to the area law. Section 5 contains some speculations about the meaning of ER
2 This is the analog of the (dimensionless) Matsubara frequency in a thermal field theory.
3 For an early attempt in string theory see ref. [5] and the comments at the end of section 5.
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and the degrees of freedom that ER counts. Section 6 contains a discussion of our
results and our conclusions.
2. Dimensionless Rindler Energy as Entropy
Consider any non–extreme black hole with a generic metric of the form
ds2 = −f(r) dt2 + f(r)−1dr2 + r2dΩ2D−2 , (1)
in D-dimensions. The horizon is at rh which is determined by f(rh) = 0. If in
addition, f ′(rh) 6= 0, the near horizon region is described by Rindler space. Near
the horizon, r = rh+y where y << rh. Thus, to first order, f(r) = f(rh)+f
′(rh)y
and we get the near horizon metric
ds2 = −f ′(rh)y dt2 + (f ′(rh)y)−1dy2 + r2hdΩ2D−2 . (2)
In terms of the proper radial distance, ρ, obtained from dρ = dy/
√
f ′(rh)y the
metric becomes
ds2 = −f
′2(rh)
4
ρ2dt2 + dρ2 + r2hdΩ
2
D−2 . (3)
After a rescaling to get the dimensionless Rindler time τR = (f
′(rh)/2) t we find
ds2 = −ρ2dτ2R + dρ2 + r2hdΩ2D−2 , (4)
where the metric in the τR − ρ directions describes Rindler space.
Originally, in Ref.[5] it was shown that the entropy of a black hole is given by
the dimensionless Rindler energy ER conjugate to τR. ER can be calculated using
the Poisson bracket
1 = {ER, τR} =
(
∂ER
∂M
∂τR
∂t
− ∂ER
∂t
∂τR
∂M
)
, (5)
where M is the mass of the black object conjugate to t. This transition from the
canonical variables t,M to τR, ER is a canonical transformation. Taking ER to
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be time independent which is a good approximation for large enough black holes
(with Hawking radiation slow enough to be negligible) we find
dER =
2
f ′(rh)
dM . (6)
The entropy of the black hole is then given by S = 2πER. This method works
for all nonextreme black objects in any dimension with Rindler–like near horizon
geometries. This result is perhaps not so surprising in light of the fact that the
above derivation of ER is equivalent to the First Law of Thermodynamics. Using
the definition of Hawking temperature obtained from the metric, TH = f
′(rh)/4π,
eq. (6) can be written as
d(2πER) =
dM
TH
. (7)
As a result, S = 2πER for all black objects in all dimensions.
The arguments above are completely general and apply beyond General Rela-
tivity. Note that in any theory of gravity, the generic black hole metric in eq.(1)
has the same form with f(rh) = 0 and f
′(rh) 6= 0 (even though the exact form
of the factor f(r) differs among theories). In addition, the definition of Hawking
temperature, TH = f
′(rh)/4π, is universal. Therefore, eq. (7) holds in any theory
of gravity. Since, by construction, ER satisfies the First Law of Thermodynamics
we can conclude that S = 2πER in any theory of gravity. In the next section we
will obtain the same result by showing that ER is exactly Wald’s Noether charge
and therefore 2πER is identical to Wald entropy.
We note that the calculation the entropy through ER is not a new method
since it is completely equivalent to using thermodynamics, i.e. the relation T (M),
to obtain the entropy. However, ER has two properties that are not shared by the
other methods for computing entropy. First, ER is an off–shell quantity that gives
the entropy related to metrics that may or may not solve the field equations. In
fact, ER is calculated directly from the metric with no knowledge of the underlying
gravitational Lagrangian. As far as we know, all other methods of computing
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entropy are on–shell and explicitly use the gravitational field equations. Second,
ER is obtained only from the g00 component of the metric and is not manifestly
holographic. Rather, it shows that entropy is somehow related to time evolution.
In all other methods, entropy is obtained from a surface integral over the horizon
making the holographic nature of gravity transparent. In General Relativity this
leads to the fact that black hole entropy is the horizon area in Planck units. For
more general theories, entropy is not proportional to horizon area but the surface
integral suggests that holography is still a valid concept.
It is interesting to note that just like ER, Hawking temperature is also an
off–shell quantity that is obtained from the time evolution in the near horizon
region. In any theory of gravity, it is computed directly from the Euclidean black
hole metric through the periodicity of the time direction. This means that the g00
component of the metric completely determines black hole thermodynamics on or
off–shell.
3. Dimensionless Rindler Energy and Wald Entropy
In this section, we show that the dimensionless Rindler energy, ER, is exactly
Wald’s (rescaled) Noether charge Q˜[7] and therefore 2πER is Wald entropy which
gives the black hole entropy in any theory of gravity. Consider a generalized gravity
theory that is described by a Lagrangian of the form L = L(φi,∇aφi, gab, Rabcd),
i.e. L is a function of the metric, the Riemann tensor and matter fields φi and
includes no more than the second derivatives of the metric and first derivatives
of the matter fields. This can be generalized to Lagrangians with any number of
derivatives of the metric to any order[7] but for simplicity we consider the more
limited case above. None of our results depends on the details of the gravity
Lagrangian.
Under a general variation of a field ψ which may be a matter field or the metric,
the variation in the Lagrangian can be written as[7,14]
δ(
√−gL) = √−gE · δψ +√−g∇aΘaδψ , (8)
6
where the dot indicates summation over fields and contraction of all indices and
E denotes the equations of motion. For a diffeomorphism with Killing vector ξa
the variation of the field is given by the Lie derivative δψ = Lξψ under which a
covariant Lagrangian changes by a total derivative
δ(
√−gL) = Lξ(
√−gL) = √−g∇a(ξaL) . (9)
As a result, one can define a Noether current
Ja = Θa(Lξψ)− ξaL , (10)
which is conserved, i.e. ∇aJa = 0 when the equations of motion are satisfied and
E = 0. One can define the antisymmetric Noether potential Qab that satisfies
Ja = ∇bQab and the Noether charge
∫
∂V
dD−2x
√
h Q =
∫
∂V
dD−2x
√
hǫabQ
ab , (11)
where ∂V is the (D − 2 dimensional) boundary of V . hab and ǫab are the induced
metric and binormal form on the boundary respectively.
Consider now any black hole with a bifurcate Killing horizon on which the
time like Killing vector ξa vanishes. We can rescale ξa → κξa so that the surface
gravity is normalized to unity. As a result, the Noether charge also gets rescaled
Q→ Q˜ = Q/κ. Then, the Wald entropy of the black hole is given by[7]
SWald = 2π
∫
∂V
dD−2x
√
h Q˜ = −2π
∫
H
dD−2x
√
hY abcdǫabǫcd , (12)
where
∫
Q˜ is the Noether charge of the rescaled Killing field and the integral is
taken over the bifurcation surface of the Killing horizon with induced metric h.
The tensor Y abcd is defined by Y abcd = ∂L/∂Rabcd and has all the symmetries of
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the Riemann tensor. When the Lagrangian, L includes higher order terms in R
or terms with higher derivatives, the tensor Y abcd gets modified but the eq. (12)
still gives Wald entropy. This entropy by construction satisfies the First Law of
Thermodynamics in all theories of gravity.
It is now obvious that the dimensionless Rindler energy, ER is exactly Wald’s
Noether charge since
S = 2π
∫
∂V
dD−2x
√
h Q˜ = 2πER , (13)
in any theory of gravity. In addition, calculations of both Q˜ and ER apply to the
same types of gravitational backgrounds. The formula for Wald entropy, eq. (12),
applies to black holes with a nondegenarate bifurcate Killing horizons which are
exactly those with near horizon geometries described by Rindler space, i.e. metrics
of the type given in eq. (1).
The equivalence between ER and Q˜ can be made more precise. The energy E
of a black hole, related to a time like Killing vector ξ, can be written as (in terms
of forms for simplicity)[7]
E =
∫
∞
Q(ξ)− ξ · B , (14)
where the integral is taken over a hypersurface at infinity and B is a form whose
variation is related to Θ in eq. (8) by
δ
∫
∞
ξ · B =
∫
∞
ξ ·Θ . (15)
If we evaluate the integral in eq. (14) on the horizon, H , we get
Ehor =
∫
H
Q(ξ) , (16)
since the Killing vector ξ vanishes on the horizon. This is the energy as measured
on (or near) the horizon. If in addition we rescale the Killing vector by ξ → κξ so
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that Q→ Q˜ = Q/κ, we obtain the dimensionless energy on the horizon
ER =
∫
H
Q˜(ξ) , (17)
which is precisely eq. (13). This shows that the rescaled Noether charge of the
time–like vector ξ is the dimensionless Rindler energy. Since the original work in
Ref.[7], it has been noticed that the rescaled Noether charge
∫
Q˜(ξ) is conjugate to
time translations (defined by the the time–like Killing vector ξ) when the surface
gravity κ = 1. In other words, it is the same as,ER, the energy conjugate to
dimensionless time when the temperature is rescaled to be 1/2π.
Even though,
∫
Q˜ and ER are both equal to S/2π and therefore describe gener-
alized black hole entropy, they are conceptually very different. The Noether charge
is a surface integral over the horizon and therefore holographic even when entropy
is not given by the horizon area. On the other hand, the Rindler energy, ER, is
not related to the horizon surface but obtained only from the g00 component of the
metric, i.e. the time evolution in the near horizon region. The computation of the
Noether charge explicitly depends on the field equations as seen from eq. (8) that
determines Θ or from eq. (12) which contains the tensor Y abcd that is obtained
from the the gravitational Lagrangian. On the other hand, ER is computed off-
shell, i.e. directly from the metric which may or may not satisfy the gravitational
field equations.
4. ER and Gauss–Bonnet Black Holes
Effective (nonrenormalizable) theories of gravity beyond General Relativity are
described by actions that include, in addition to the Einstein–Hilbert term, higher
order terms with coefficients that are proportional to inverse powers of the Planck
mass. These terms describe the effects of the fundamental theory at low energies
and parametrize the deviations from General Relativity. This is certainly the case
in all string theories which are the best candidates for quantum gravity.
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In order to compute black hole entropy through ER in a generalized theory of
gravity, we consider Gauss–Bonnet gravity with the Lagrangian[15]
√−gL = 1
16πG
√−g(R− 2Λ + α(RabcdRabcd − 4RabRab +R2) , (18)
where α is the coefficient of the Gauss–Bonnet term and the cosmological constant
Λ = −(D − 1)(D − 2)/2l2 is included for generality. The Lagrangian in eq. (18)
is obtained in the low energy limit of heterotic string theory with α = 1/2πℓs
parametrizing the stringy corrections to the Einstein–Hilbert term. For D = 4,
the Gauss–Bonnet term is topological and does not lead to new physics. Gauss–
Bonnet black hole solutions exist for D ≥ 5 with the metric[16]
ds2 = −f(r) dt2 + f(r)−1dr2 + r2hijdxidxj . (19)
The indices i, j run over the D− 2 transverse directions with a metric of constant
curvature hij equal to (D − 2)(D − 3)k where k = 0,±1. The solution in eq. (19)
is defined by
4
f(r) = k +
r2
2α
(
1−
√
1 +
64πGαM
(D − 2)Vkrn−1
+
8αΛ
(D − 1)(D − 2)
)
, (20)
where Vk is the volume of the transverse space and with an abuse of notation α
has been rescaled by a factor of (D − 3)(D − 4).
The radius of the black hole horizon, rh, is determined by F (rh) = 0. (If there
are two roots to the equation, e.g. for vanishing or negative cosmological constant,
the largest one gives the location of the horizon.) In terms of rh, the mass of the
4 The review of Gauss–Bonnet black holes below closely follows ref. [16].
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black hole is
M =
(D − 2)Vkrn−3h
16πG
(
k +
α
r2h
+
r2h
l2
)
. (21)
The Hawking temperature is obtained as usual from the periodicity of the Eu-
clidean time direction
TH =
(D − 1)r4h + (D − 3)kl2r2h + (D − 5)αk2l2
4πl2rh(r
2
h + 2αk)
. (22)
Now we can use eq. (6) to obtain ER which is basically equivalent to using the
First Law of Thermodynamics to find the entropy from M and T :
S = 2πER =
∫
dM
TH
=
rh∫
0
T−1H
(
∂M
∂rh
)
drh , (23)
which gives
S =
rD−2h Vk
4G
(
1 +
2αk(D − 2)
(D − 4)r2h
)
. (24)
Note that the correction to the area law is not only proportional, as expected,
to α which parametrizes the Gauss–Bonnet terms in the Lagrangian but also to k,
i.e. the curvature of the horizon. In particular, for k = 0 there is no correction and
the black hole entropy is given by the horizon area even in Gauss–Bonnet gravity.
The Wald entropy of Gauss–Bonnet black holes has been calculated in ref. [16].
Using the Lagrangian in eq. (18) to get Y abcd which is substituted in eq. (12) one
finds
SWald =
1
4G
∫
H
dD−2x
√
h˜(1 + 2αR˜) , (25)
where h is the induced metric on the horizon H and R˜ is the Ricci scalar of
h˜ij = r
2
hhij which reproduces the entropy in eq. (24).
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It is important to learn the origin of the above corrections to entropy which
are proportional to both α and k. The correction term in eq. (24) can be traced
back to the second term in the numerator of β = 1/TH in eq. (22). In all cases for
which the numerator of β contains a single term, black hole entropy is proportional
to horizon area. This, of course happens when α = 0 and Gauss–Bonnet gravity
reduces to General Relativity. We see that even when α 6= 0, the numerator of β
contains only one term if k = 0, i.e. for black holes with flat horizons. Thus, we
conclude that a sufficient condition for getting corrections to the area law is for β
to have more than one term in its numerator. In light of this, we would like to find
out more about the generic form of the factor f(r) in the black hole metric and
corrections to black hole entropy.
The most general D–dimensional black hole metric in the form of eq. (1) can
be written with f(r) given by (with k = 1)
f(r) =
(
1− αM
rD−3
)
F (r) + g(r) . (26)
where α = 16π/(D − 2)V(D−2) (not to be confused with the coefficient of Gauss–
Bonnet gravity). In General Relativity either F (r) = 1 or g(r) = 0 but in more
general theories we have F (r) 6= 1 and g(r) 6= 0. We want to show that, In General
Relativity, it is the special form of the metric with F (r) = 1 or g(r) = 0 that leads
to the area law.
Consider first a metric of the form in eq. (1) with F (r) = 1 but g(r) 6= 0.
Using β = 4π/f ′(rh) we obtain
β =
4πrh
(D − 3)(1 + g(rh)) + rhg′(rh)
. (27)
It is easy to show that using
∂M
∂rh
=
(D − 2)Vk
16πG
[(D − 3)rD−4h (1 + g(rh)) + rD−3h g′(rh)] (28)
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in eq. (23) we get
ER =
(D − 2)Vk
8πG
rh∫
0
rD−3h drh , (29)
and S = 2πER gives the area law as expected. One can easily repeat the same
exercise with F (r) 6= 1 and g(r) = 0 which again leads to the area law. Thus, the
special form of f(r) in eq. (26) with either F (r) = 1 or g(r) = 0 which is satisfied
in General Relativity is a sufficient condition for the area law of black hole entropy.
Metrics with both F (r) 6= 1 and g(r) 6= 0 do not arise in General Relativity so
it is interesting to find out whether they also lead to the area law. In this case, we
find
β =
4πrhF (rh)
[(D − 3)(F 2(rh) + F (rh)g(rh))− g′(rh)F (rh)rh − g(rh)F ′(rh)rh]
(30)
and also
∂M
∂rh
=
(rD−4h /αF
2(rh))
[(D − 3)(F 2(rh) + F (rh)g(rh))− rh(g′(rh)F (rh)− g(rh)F ′(rh))]
. (31)
As a result, the ER becomes
ER =
(D − 2)Vk
8πG
rh∫
0
rD−3h
F (rh)
drh . (32)
Since F (r) 6= 1 we find deviations from the area law and entropy is not proportional
to the horizon area. In Gauss–Bonnet gravity, f(r) in eq. (20) is more complicated
than the ansatz we considered in eq. (26). Nevertheless it does not satisfy the
conditions mentioned above and as expected leads to eq. (24) which deviates from
the area law.
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5. Speculations on ER
Above we saw that 2πER gives the correct entropy for all black holes in any
theory of gravity. Since we only used the black hole metric, at this level of analysis,
it is impossible to describe the microscopic, fundamental degrees of freedom that
ER counts. Clearly, ER which is the dimensionless Rindler energy is related to the
time evolution in the near horizon region of the black hole space–time and not to
the horizon surface. Thus, we do not expect the degrees of freedom that ER counts
to be directly related Planck area cells on the horizon. We can nevertheless try to
gain some insight into the microscopic nature of ER. In this section, we consider
some speculative ideas on what ER counts which, hopefully, may lead to a better
understanding of black hole entropy.
Consider the Rindler metric in eq. (4) in Euclidean time τRE = iτR
ds2 = ρ2dτ2RE + dρ
2 + r2hdΩ
2
D−2 , (33)
where the metric in the τRE − ρ directions is simply the flat metric in polar coor-
dinates. This metric is the same for all nonextreme black holes in any theory of
gravity. All the information about the black hole now resides in (Euclidean) ER
which is canonically conjugate to τRE by eq. (5). In Lorenztian signature, the
Rindler coordinates that describe Rindler observers at fixed ρ are related to the
flat coordinates, X and T , that describe freely falling observers by
T = ρ sinh τR X = ρ cosh τR , (34)
where the usual factor of the surface gravity is missing since κ = 1 when we use
the dimensionless Rindler time τR. These parametrize what is usually called the
right Rindler wedge with X > |T | and X > 0. In the Euclidean space–time that
is described by the metric in eq. (33), the relations in eq. (34) become
T = ρ sin τRE X = ρ cos τRE . (35)
We see that time translations simply become rotations in the τRE direction which
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has a period of β = 2π. The horizon which was given by X = ±T is now at ρ = 0
and world–lines of Rindler observers at constant ρ are circles of radius ρ. The
proper time of a Rindler observer is given by the arclength of the circular world–
line around the origin. The proper energy and temperature measured by these
observers are ER/ρ and 1/2πρ respectively. The entropy is 2πER and independent
of the location of the observer.
Until now, our discussion was completely classical leading to a continuous ER.
However, in quantum mechanics the boundary condition around the periodic τRE
direction (with period 2π) requires ωE2π = 2πn where ωE is the dimensionless
Euclidean angular frequency, i.e. what is usually called the Matsubara frequency
in thermal field theory. Thus, the frequency is quantized, ωE = n. Using the
definitions ωE = 2πfE and ER = 2πfE (in units with h¯ = 1) we find that
S = 2πER = 2πωE = 2πn. Therefore, the dimensionless Rindler energy is the
dimensionless Matsubara frequency which is an integer and the black hole entropy
is quantized in units of 2π.
We see that (the quantized) black hole entropy arises simply from the quan-
tization of the time evolution along the τRE direction without any relation to the
number of Planck area squares on the horizon surface as is commonly assumed
in holographic descriptions. The description is analogous to de Broglie waves in
the hydrogen atom with the obvious difference between physical angular motion
around a nucleus and time evolution in Euclidean Rindler space around the black
hole. In both cases, the momentum conjugate to the angular direction, i.e. angu-
lar momentum and 2πER respectively, are quantized due to quantum conditions
on periodic directions. Quantization arises due to the fact that there has to be
an integer number of wavelengths around the periodic (spatial or Euclidean time)
direction. Thus we find that the black hole degrees of freedom counted by 2πER
are the number of “wavelengths” or more precisely, the number of fundamental
frequencies with n = 1 in the τRE direction. In the case of de Broglie waves,
the underlying physics is described by Quantum Mechanics and the wave is the
wave function. Analogously, we hope that the underlying description of the above
15
picture for the black hole in terms of ER will be related to the correct theory of
quantum gravity.
It seems from the above discussion that, in some effective way, the black hole
entropy can be counted by a periodic quantum mechanical system with a given
angular frequency. This effective system somehow has entropy S = 2πω = 2πn;
i.e. it has e2piω number of states. In our formalism, thermodynamics arises due
to the fact that dτR/dt = 2πT . As a result of this relation, Eq. (5) which a
canonical commutation relation in particle mechanics turns into a thermodynami-
cal statement (i.e. the First Law of Thermodynamics) for the black hole which is
an ensemble. This can always be done if:
a) ER is independent of time which is a good approximation for large enough black
holes for which Hawking radiation is slow enough to be negligible and
b) time is rescaled linearly with temperature into a dimensionless time i.e. τR = cT t
where c is a constant.
An alternative but equivalent way to think about the relation between ER and
entropy is to consider the action variable J =
∮
p dq for the above effective, periodic
quantum mechanical system[17]. Here q and p are a generalized coordinate and
its conjugate momentum (such as τR and ER after the canonical transformation in
eq. (5)) and the integral is taken over one period. Before the advent of quantum
mechanics, quantization for periodic systems was achieved by quantizing the action
variable by demanding J = 2πn (again in units of h¯ = 1).
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Since time evolution
in the Euclidean space–time described by the metric in eq. (33) is periodic, using
q = τRE and p = ER we get
J =
∮
ERdτRE = 2πER = 2πn , (36)
which is exactly the black hole entropy. Thus, the action variable computed in the
canonical variables τRE , ER is quantized and equal to the black hole entropy.
5 This is, of course, equivalent to quantization a la de Broglie by demanding an integer number
wavelengths around the periodic direction.
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One way to motivate this intriguing result is to assume an equality between the
free energy F = E−TS of the black hole considered to be a thermal ensemble and
the Euclidean action of the effective quantum mechanical system IE, i.e. IE = βF
where
6
IE = −
∫
dtE(pE q˙E −H) = −
∫
pEdqE + βH . (37)
By comparing IE to the definition of F we find that if qE = τRE and pE = ER we
get eq. (36) for the entropy.
Since the effective quantum mechanical system that describes the black hole
is periodic, the action variable J is also related to the phase space of the system.
In the τRE , ER plane the phase space is simply a line of height ER and length
2π (due to the periodicity of 2π in the τRE direction). If we associate the area
under this line with the entropy of the black hole we get S = 2πER as required.
After quantization, the phase space is divided into cells of unit area since the
minimum area for the canonically conjugate variables τRE , ER is determined by
the uncertainty relation to be ∆τRE∆ER ∼ 1. Then, the entropy (or J) is simply
the number of these cells in phase space.
Until now we refrained from offering a microscopic description of the fun-
damental degrees of freedom counted by ER. We should note however that in
Ref.[5], ER has been interpreted as the square root of the string oscillator number,
ER =
√
n, so that the string entropy (assuming the central charge c = 6 in all
cases) Sstring = 2π
√
n gives the black hole entropy. In this picture, the black hole
is described by a very massive, wildly oscillating and very long string at its Hage-
dorn temperature. The mass of the string is much larger than that of the black
hole, mstring ∼
√
n/ℓs ∼ GM2/ℓs >> M where M is the black hole mass. An
asymptotic observer measures the correct black hole mass due to the gravitational
redshift of mass between the near horizon region and asymptotic infinity by the
factor ℓs/GM . The Hawking temperature is the redshifted Hagedorn temperature
6 This is different from the Euclidean gravity approach since the IE is not that of gravity but
of the effective quantum mechanical system.
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TH ∼ (ℓs/GM)(1/ℓs) ∼ 1/GM . A string with such a large n is very long, with
length ∼ √nℓs and covers the black hole horizon due to its transverse oscillations.
One then gets one string bit per Planck area on the horizon[13]. The string tension
is also redshifted to a very small value, ∼ 1/G2M2 << 1/ℓ2s so the string does not
look like a fundamental one to an asymptotic observer.
6. Conclusions and Discussion
In this paper, we showed that, in any theory of gravity, the entropy of nonex-
treme black holes is given by S = 2πER where ER is the dimensionless Rindler
energy. ER is an off-shell quantity obtained from the time evolution in the near
horizon of the black hole. In this respect it is very similar to Hawking temperature.
As a result, we get a unified picture of black hole thermodynamics that is derived
solely from the g00 component of the metric.
It is usually assumed that quantum gravity is a holographic theory[18]. The
original motivation for this was the Bekenstein–Hawking entropy of black holes
which, in General Relativity, is proportional to horizon area. Even gravitational
theories beyond General Relativity seem holographic due to the fact that black
hole entropy in these theories is given by an integral over the horizon surface.
Unfortunately, the holographic nature of ER is not manifest since it is not related
to the horizon surface, at least not explicitly.
7
Moreover. our results indicate that
there must be a relation between time evolution in the near horizon region and the
number of degrees of freedom on the horizon surface. It would be interesting to
make this relation more explicit.
8
It would be interesting to see if ideas similar to the ones used in this paper
can be applied to finite temperature quantum field theories or other thermal sys-
tems. This may not be so surprising in light of the AdS/CFT correspondence
7 A manifestly holographic formula for ER as a surface integral (over the horizon) and in
terms of the metric can be written. [20]
8 One can show that ER is also given by an integral of the local acceleration which only
depends on g00. [20]
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which relates a gravitational theory in the bulk of AdS space with a CFT on its
boundary[19]. Consider an AdS Shwarzschild black hole which is dual to a bound-
ary CFT at the Hawking temperature. If we compute ER from the near horizon
metric, we find that black hole entropy is correctly given by S = 2πER. On the
other hand, the boundary CFT must have the same entropy. Time, which in this
case is the dimensionless Rindler time, is common to both the bulk and boundary
theories. The bulk and boundary energies are also related. As a result, there must
be a way to formulate entropy in the CFT as the quantity canonically conjugate
to a rescaled dimensionless time. Moreover, it seems that this must be true for
any thermal QFT and not only those that are holographically dual to gravita-
tional theories. In a generic thermal QFT, after rescaling time by τ = cT t, the
dimensionless Euclidean time direction has a periodicity of c. Then, in terms of the
dimensionless energy E conjugate to τ , the First Law of Thermodynamics becomes
cdE = dS leading to S = cE. It would be nice to find explicit QFT examples in
which entropy is related to a dimensionless energy.
The fundamental, microscopic degrees of freedom that are counted by ER are
obscure. In this paper, we considered some speculative ideas on these degrees of
freedom. The near horizon region of the black hole is a thermal theory with a
temperature of 1/2π. The dimensionless Euclidean (Rindler) time is an angle and
the dimensionless energy is given by ER (which is the same as the dimensionless
angular frequency ω). Then, as we have shown, the entropy of any black hole is S =
2πER. Quantization leads to an integer ω due to the periodicity of the Euclidean
dimensionless Rindler time. In this description, the fundamental degrees of freedom
are units of Euclidean angular frequency. An alternative but related description
can be given in terms of the action variable of an effective one dimensional system
which is exactly equal to the entropy. The action variable can be seen as the
area in the two dimensional (τER, ER) phase space that corresponds to the black
hole. Quantization divides the phase space into cells of unit area (in Planck units).
In this description, the fundamental degrees of freedom are unit area cells in the
phase space and entropy is the number of cells. Unfortunately, it is not clear
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how to derive either of these two descriptions of black hole entropy in a theory of
quantum gravity such as string theory. Clearly, if the above ideas have any merit,
it is important to find out if this is possible.
It seems that a black hole is effectively described by a quantum mechanical pe-
riodic system with one degree of freedom whose angular frequency gives the black
hole entropy. This is basically a quantum particle in a box where the momentum
gives the entropy. The relation between the quantum particle with one degree of
freedom and the black hole which is an ensemble at a finite temperature is given
by the canonical relation in eq. (5) which introduces the temperature into the dis-
cussion and leads to thermodynamics. The canonical transformation described by
eq. (5) relates dynamical variables such as M and t to thermodynamical ones such
as ER and τR. It would be helpful to find or build periodic quantum mechanical
systems in which the angular frequency is the entropy. The hope is that examina-
tion of such systems will lead to a better understanding of black hole physics and
quantum gravity.
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